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Let E be a locally convex Hausdorff topological vector space, S a subset of E, 
and p a continuous seminorm on E. We denote the closure of S by cl(S), and 
define, for x in E, C&(X, S) = inf{p(x - y): y E S}. We also define, for x in S, 
the inward set of S at x by I(S, x) = (z E E: z = x + a(y - x) for some y E S 
and a > O}. 
The following result is a variant of a recent fixed point theorem of Browder 
[2, Theorem l] (see also [6] and [14]). 
THEOREM 1. Let K be a compact convex subset of a locally convex Hausdorfl 
topological vector space E, and let f : K -+ E be continuous. If for each continuous 
seminorm p on E and for each x E K such that p(x - f(x)) > 0, 
d,(f (4, WK 4)) -=c P(X - f (4, 
then f has a fixed point. 
Theorem 1 clearly contains Tychonoff’s classical fixed point theorem. Fan [5] 
and Glicksberg [8] extended Tychonoff’s theorem to set-valued mappings. They 
showed that an upper semicontinuous self-mapping of K with compact convex 
point images has a fixed point. (Recall that a mapping F: S -+ 2E is said to be 
upper semicontinuous if {x E S: F(x) C A} is open for each open A C E.) It is 
our pupose in this note to study set-valued extensions of Theorem 1. 
The set of all nonempty compact convex subsets of E will be denoted by 
K(E). 
THEOREM 2. Let K be a compact convex subset of a locally convex Hausdorfl 
topological vector space E, and let F: K 4 K(E) be upper semicontinuous. If for 
each continuous seminorm p, each point x in K such that d,(x, F(x)) > 0, and each 
Y EFW, 
44x WK 4)) < ~(x - Y), (1) 
then F has a $xed point. 
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Proof. Let p be a continuous seminorm on E, and define for y in B, Q,,(y) 
(x E K: p(y - x) = d,(y, K)}. T o each point (x, y) in K x E let G assign the 
set Q,(y) x F(x). Since the image of a compact set under an upper semicon- 
tinuous mapping with compact point images is compact, the range of G is 
contained in a compact subset of K x E. Since Q,, and F are upper semicon- 
tinuous, so is G. Consequently, it has a fixed point [I 01. In other words, there is 
a point x in K such that d,(y, K) = p(x - y) for some y in F(x). If &(x, F(x)) 
>O,thenby(l),p(x~~a(w-~)-y)<p(x-y)forsomewinKanda~l. 
This, however, leads to a contradiction because P(X + a(w - X) - y) > 
up(w - y) - (a - I)+ - y) 2 ud,(y, K) - (a - I)+ - y). Thus d,(x, F(x)) 
= 0, and the result follows as in the proof of [15, Theorem 3.11. 
Theorem 2 contains [15, Theorem 3.11 and can in fact be proved by the 
methods of [15]. It also implies a dual result (cf. [2, Theorem 21) in which 
I(K, X) is replaced by the outward set O(K, x) = (2 E E: z = x + b(y - x) for 
some y E K and b < 0}, and (1) is replaced by 
G,(Y, cl(O(K 4)) < P(X - Y). (2) 
The subdifferential sp of p can be used to reformulate conditions (1) and (2) 
(cf. [2, Theorems 3 and 41). It can be shown that (1) is equivalent to 
For each x* in @(x - y) there is w in K such that 
Re X*(W - X) < 0. 
Similarly, (2) is equivalent to 
For each x* in +(x - y) there is w in K such that 
(2’) 
Re x*(w - x) > 0. 
Recall that a mapping F: S- 2E is said to be lower semicontinuous if 
{X E S: F(x) C A} is closed for each closed A C E. Let C(E) denote the set of 
all nonempty closed convex subsets of E. Theorem 2 is also valid for lower 
semicontinuous F: K + C(E) if E is completely metrizable and (1) is assumed to 
hold for all y EF(x) such that P(X - y) > 0. This follows from Michael’s 
selection theorem and Theorem I. 
If F is continuous (that is, both lower and upper semicontinuous), then condi- 
tion (1) can be weakened. Let G,: K + K(E) be defined by G,(x) = {y EF(x): 
P(X - y) = d,(x,F(x))). Since G, is upper semicontinuous, F will have a fixed 
point by the proof of Theorem 2 if (1) is satisfied for y E G,(x). In fact, a stronger 
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statement is true. Let d,(S, K) = inf{p(y - x): y E S and x E K), and consider 
the following two conditions: 
If C&(X, F(x)) > 0, then there is y EF(x) such that 
4(x, F(x)) = P@ - Y) and d,(Y, w(K 4)) < P(X - Y)i 
If d,(x,F(x)) > 0, then 
(3) 
(4) 
The following result includes [13, Theorem 1.71. 
THEOREM 3. Let K be a compact convex subset of a locally convex Hausdorff 
topological vector space E. If a continuous F: A’+ C(E) satisfies either (3) or (4) 
then it has a fixed point. 
Proof. Let p be a continuous seminorm on E, and define, for each x in K, 
R,(x) = (y E K: d,(y, F(x)) = d,(K, F(x))}. The continuity of F (actually, a 
weaker continuity assumption would be sufficient) implies the upper semi- 
continuity of R, . Therefore R, has a fixed point by the Fan-Glicksberg fixed 
point theorem. In other words, there is a point x in K such that dp(x, F(x)) = 
d,(F(x), K). By (3) and (4), d,(x, F(x)) = 0 and the result follows. 
The condition “If dp(x, F(x)) > 0 then there is y E F(x) such that 
d,(y, cl(WC 4)) -=c p(x - Y)" is not strong enough to guarantee the existence 
of a fixed point even if F is continuous (cf. [13, Example 1.81) and Theorem 2 
does not include a known result of Halpern [9] (see also [l]) where 
F(x) n cl(I(K, 4) # a (5) 
is assumed. There is, however, another set-valued analog of Theorem 1, essen- 
tially due to Browder 131, that does include (5). We present a slight extension 
with a new proof. 
THEOREM 4. Let K be a compact convex subset of a locally convex Hausdorff 
topological vector space E, and let F: K -+ C(E) be upper semicontinuous. If for 
each continuous seminorm p on E there is an upper semicontinuous s,: K + [0, 00) 
such that 
W’(x), WK 4)) G 44 < 4(x> F(x)) (6) 
whenever d,(x, F(x)) > 0, then F has a fixed point. 
Proof. Let p be a continuous seminorm on E. Suppose that d,(x, F(x)) > 0 
for all x E K. For each E > 0, define G,: K -+ C(E) by 
G(x) = {y E E: d,(y,F(x)) < 44 + 4. 
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Although G, is not upper semicontinuous (or even upper demicontinuous in the 
sense of Fan [6, 71) in general, we see that if we consider E to be over the reals, 
let x* be a continuous linear functional on E, and define g: K - (- CCI, co] by 
g(x) = sup{x*(y): y E G,(x)}, then g is upper semicontinuous. Thus G, is upper 
hemicontinuous in the sense of Lasry-Robert [ 1 l] and Cornet [4]. Since G,(x) n 
cl(l(K, x)) # o for each x in K, it has a fixed point X, . In other words, for each 
E > 0 there is a point x‘, in K such that dp(x, , F(Q) < sP(x,) + E. Since dJx, 
F(x)) is lower semicontinuous, it follows that there is x E K such that dp(.y, F(x)) 
< sD(x). This is a contradiction. Consequently, d?,(x, F(x)) =: 0 for some x in K 
and the result follows. 
Theorem 4 extends Theorem 1 (with sl,(x) = d,(J(x), K)) and Theorem 3 
with condition (4) (s,,(x) == d,(F(x), K)), as well as Halpern’s theorem [9, 
p. 881 (sJx) = 0). The condition “d,(F(x), cl(l(K, x))) < d,(x,F(x)) whenever 
d,(x, F(x)) > 0” is not sufficient to imply the existence of a fixed point. To see 
this,letE=R2,K=[0,1],F(x)--{(2+x+r,l):O~~,(I}forO~x<l, 
andF(1) = the triangle with vertices (0, 0), (3, I) and (4, 1). 
We conclude with some results for non-compact domains. 
THEOREM 5. Let C be a closed convex subset of a complete locally convex 
Hausdorff topological vector space E, and let F: C + C(E) be upper semicontinuous. 
If there is a compact K C E such that for each continuous seminorm p on E there is an 
upper semicontinuous s,: C + [0, 00) such that 
4@(x), ICC, 4 n K) < SAX> < 4(X, F(x)) 
whenever d,(x, F(x)) > 0, then F has a fixed point. 
(7) 
Proof, Assuming that for some p, d,(x, F(x)) > 0 for all x E C, we define an 
upper semicontinuous G: C + K(E) by G(x) = (y E K: d,(y, F(x)) < sp(x)} 
Since G(x) n I(C, x) # 0 for each x in C, G has a fixed point, and we arrive 
at a contradiction. 
We say that a reflexive Banach space E has the Oshman property if the metric 
projection on every closed convex subset of E is upper semicontinuous [ 121. 
THEOREM 6. Let C be a closed convex subset of a Banach space I:‘ with the 
Oshman property, and let f: C -+ E be a continuous mapping with a relatively 
compact range. If for each x E C such that x # f(x), 
d(f(x), W(C, 4)) < I x - f (4 , 
then f has a fixed point. 
Proof. Let Q be the metric projection on C. Since the point images of Q are 
compact, we can, for example, apply Theorem 5 with K = Q(cl(f(C))) and 
s(x) = d(f (4, Cl. 
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It is clear that some restriction on E is needed in Theorem 6 -the result is not 
valid in non-reflexive spaces. 
There is also a version of Theorem 3 for non-compact domains. Our last 
result is an analog of Theorem 2 (see also [15, Theorem 3.31). 
THEOREM 7. Let C be a closed convex subset of a Banach space E with the 
Oshman property, and let F: C---f C(E) be an upper semicontinuous mapping with 
a relatively compact range. If for each x E C such that x 6 F(x) and each y E F(x), 
4YY WC, 4)) < I x - y I , 
then F has a fixed point. 
Proof. Let Q be the metric projection on C, and let D be the closed convex 
hull of the range of F. To each point (x, y) in K x D let G assign the set Q(y) x 
F(x). Since G is upper semicontinuous with a relatively compact range, it has a 
fixed point, and the result follows as in the proof of Theorem 2. 
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